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a b s t r a c t
In this paper, we introduce the generalized quasi-contractive mapping f in a cone metric
space (X, d). f is called a generalized quasi-contractive if there is a real λ ∈ [0, 1) such that
for all x, y ∈ X ,
d(fx, fy) ≤ λs
for some
s ∈ co{0, d(fx, fy), d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)}.
It is proved that if X is a complete cone metric space with normal cone then f has a unique
fixed point. A example is given, which shows that our result is a genuine generalization of
quasi-contractive mapping.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
In 1974, Ćirić [1] introduced and studied quasi-contractionmapping inmetric space. Thewell known Ćirić’s result is that,
see [1–3]:
Theorem 1. Let (X, ρ) be a complete metric space. A mapping T : X → X such that for some constant λ ∈ (0, 1) and for every
x, y ∈ X
ρ(Tx, Ty) ≤ λmax{ρ(x, y), ρ(x, Tx), ρ(y, Ty), ρ(x, Ty), ρ(y, Tx)}. (1.1)
Then T possesses a unique fixed point.
Huang and Zhang [4] have replaced the real numbers by an ordered Banach space and defined a cone metric space. They
have proved some fixed point theorems for contractive mappings on cone metric spaces.
Mapping satisfying the inequality (1.1) is called the quasi-contractive. Ilić and Rakočević [5] generalized Theorem 1 to
cone metric space. They proved the following theorem.
Theorem 2. Let (X, d) be a complete cone metric space, with normal cone. A mapping T : X → X such that for some constant
λ ∈ (0, 1) and for every x, y ∈ X there exists s ∈ C(T , x, y) such that
d(Tx, Ty) ≤ λs
where
C(T , x, y) = {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}. (1.2)
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Then T possesses a unique fixed point.
In this paper, we replace (1.2) by
co{0, d(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}, (1.3)
proving a more general fixed point theorem in cone metric space.
Now following [4], we give some definitions and auxiliary results.
Let E be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is closed and nonempty;
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax+ by ∈ P;
(iii) x ∈ P and−x ∈ P ⇒ x = 0.
Given a cone P ⊆ E, we define a partial ordering with respect to P by x ≤ y if and only if y− x ∈ P . We shall write x < y
if x ≤ y and x ≠ y; we shall write x ≪ y if y− x ∈ int P , where int P denotes the interior of P .
The cone P is called normal if there is a number K > 0 such that for all x, y ∈ E,
0 ≤ x ≤ y implies ‖x‖ ≤ K‖y‖.
Definition 1 ([4]). Let X be a nonempty set. Suppose the mapping d : X × X → E satisfies
(d1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
Let (X, d) be a cone metric space, {xn} be a sequence in X and x ∈ X . If for every c ∈ E with 0 ≪ c there is N such that
for all n > N, d(xn, x) ≪ c , then {xn} is said to be convergent and {xn} converges to x, and x is the limit of {xn}. We denote
this by
lim
n→∞ xn = x or xn → x (n →∞).
Let {xn} be a sequence in X . If for any c ∈ E with 0 ≪ c , there is N such that for all n,m > N, d(xn, xm) ≪ c , then {xn} is
called a Cauchy sequence in X . If every Cauchy sequence is convergent in X , then X is called a complete cone metric space.
Let (X, d) be a cone metric space with normal cone and {xn} be a sequence in X . In [4] it is proved that the limit of
{xn} is unique, {xn} converges to x if and only if d(xn, x) → 0(n → ∞) and {xn} is a Cauchy sequence if and only if
d(xn, xm)→ 0(n,m →∞). If {xn} converges to x and {yn} converges to y in X , then d(xn, yn)→ d(x, y)(n →∞).
Let E be a real linear space, x ∈ E, A ⊆ E and λ a nonnegative real number. With x ≤ A and x ≤ λAwe denote there is a
s ∈ A such that x ≤ s and there is a s ∈ A such that x ≤ λs respectively.
Let E be a real linear space, A be a subset of E, with coAwe denote the convex hull of A.
Let E be a real normed linear space and A be a nonempty subset of E. With δ(A), we denote
δ(A) = sup{‖a− b‖ : a, b ∈ A}.
The following lemmas are easy to prove.
Lemma 1. Let E be a real linear space, x, x1, x2, . . . , xn ∈ E and 0 ≤ λ ≤ µ ≤ 1. If x ≤ λco{0, x1, x2, . . . , xn}, then,
x ≤ µco{0, x1, x2, . . . , xn}.
Lemma 2. Let E be a real linear space, x, x1, x2, . . . , xn ∈ E and 0 ≤ λ ≤ 1. If x ≤ λco{0, x, x1, x2, . . . , xn}, then,
x ≤ λco{0, x1, x2, . . . , xn}.
Lemma 3. Let E be a real linear space, x, x1, x2, . . . , xn, y, y1, y2, . . . , ym ∈ E and 0 ≤ λ,µ ≤ 1. If x ≤
λco{0, y, x1, x2, . . . , xn} and y ≤ µco{0, y1, y2, . . . , ym}, then, x ≤ λco{0, x1, x2, . . . , xn, y1, y2, . . . , ym}.
Lemma 4. Let E be a real linear space, x, x1, x2, . . . , xn, y, y1, y2, . . . , ym ∈ E and 0 ≤ λ,µ ≤ 1. If x ≤
λco{0, x, y, x1, x2, . . . , xn} and y ≤ µco{0, x, y, y1, y2, . . . , ym}, then, x ≤ λco{0, x1, x2, . . . , xn, y1, y2, . . . , ym}.
Lemma 5. Let E be a real linear space, x, xi, yi1, yi2, . . . , yimi ∈ E, i = 1, 2, . . . , n, and 0 ≤ λ,µ ≤ 1. If x ≤
λco{0, x1, x2, . . . , xn}, and xi ≤ µco{0, yi1, yi2, . . . , yimi}, i = 1, 2, . . . , n, then, x ≤ λµco{0, yi1, yi2, . . . , yimi : i =
1, 2, . . . , n}.
2. Main theorem
In this section, we give our main theorem.
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Definition 2. Let (X, d) be a cone metric space. Let f : X → X be a mapping, 0 ≤ λ < 1. If for all x, y ∈ X
d(fx, fy) ≤ λco{0, d(fx, fy), d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)} (2.1)
then f is called a generalized quasi-contractive mapping in cone metric space X .
It is clear that the condition
d(fx, fy) ≤ λco{0, d(fx, fy), d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)}
is equivalent to
d(fx, fy) ≤ λco{0, d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)}. (2.2)
Obviously, the generalized quasi-contractive mapping in cone metric space is a generalization of quasi-contractive
mapping in metric space [1] and cone metric space [5].
For f : X → X and x ∈ X , we set
O(x, n) = {x, fx, f 2x, . . . , f nx}
and
O(x,∞) = {x, fx, f 2x, . . . , f nx, . . .}.
Theorem 3. Let (X, d) be a complete cone metric space with normal cone P and normal constant number K . Let f : X → X be a
generalized quasi-contractive mapping with contractive constant λ ∈ [0, 1). Then f has a unique fixed point x∗ in X, and for any
x ∈ X, iterative sequence {f nx} converges to x∗.
For the proof of Theorem 3, we need the following lemmas,
Lemma 6. Let f is a generalized quasi-contractive mapping with contractive constant λ ∈ [0, 1) in a cone metric space X and
x ∈ X. Then for all n ∈ N, n ≥ 2 and 1 ≤ i < n
d(f ix, f nx) ≤ λico{0, d(x, f jx) : 1 ≤ j ≤ n}. (2.3)
Proof. We prove this by induction.
For n = 2, i = 1, by (2.2)
d(fx, f 2x) ≤ λco{0, d(x, fx), d(x, fx), d(fx, f 2x), d(x, f 2x), d(fx, fx)}.
From Lemmas 1–5
d(fx, f 2x) ≤ λco{0, d(x, fx), d(x, f 2x)}.
Suppose that for 2 ≤ m ≤ n and 1 ≤ i < m, (2.3) holds, i.e.,
d(f ix, f mx) ≤ λico{0, d(x, f jx) : 1 ≤ j ≤ m}. (2.4)
In order to prove that for n+ 1 and 1 ≤ i < n+ 1 (2.3) holds, we show that for 1 ≤ i ≤ n
d(f ix, f n+1x) ≤ λico{0, d(x, f jx), d(f n−mx, f n+1x) : 1 ≤ j ≤ n+ 1, 0 ≤ m ≤ i− 1}. (2.5)
For i = 1, from (2.2)
d(fx, f n+1x) ≤ λco{0, d(x, f nx), d(x, fx), d(f nx, f n+1x), d(x, f n+1x), d(fx, f nx)}.
From Lemmas 1–5
d(fx, f n+1x) ≤ λco{0, d(x, f jx), d(f nx, f n+1x) : j = 1, . . . , n+ 1}.
Suppose that for 1 ≤ i ≤ n− 1, (2.5) holds. Now we show that
d(f i+1x, f n+1x) ≤ λi+1co{0, d(x, f jx), d(f n−mx, f n+1x) : 1 ≤ j ≤ n+ 1, 0 ≤ m ≤ i}.
From (2.2)
d(f nx, f n+1x) ≤ λco{0, d(f n−1x, f nx), d(f n−1x, f nx), d(f nx, f n+1x), d(f n−1x, f n+1x), d(f nx, f nx)}, (2.6.1)
d(f n−1x, f n+1x) ≤ λco{0, d(f n−2x, f nx), d(f n−2x, f n−1x), d(f nx, f n+1x), d(f n−2x, f n+1x), d(f n−1x, f nx)}, (2.6.2)
· · ·
d(f i+1x, f n+1x) ≤ λco{0, d(f ix, f nx), d(f ix, f i+1x), d(f nx, f n+1x), d(f ix, f n+1x), d(f i+1x, f nx)}. (2.6.n− i)
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From (2.4), (2.6.1), (2.6.2) and lemmas, we get
d(f nx, f n+1x) ≤ λ2co{0, d(x, fx), . . . , d(x, f n+1x), d(f n−1x, f nx), d(f nx, f n+1x), d(f n−1x, f n+1x),
d(f n−2x, f nx), d(f n−2x, f n−1x), d(f n−2x, f n+1x)}.
So
d(f nx, f n+1x) ≤ λ2co{0, d(x, f jx), d(f nx, f n+1x), d(f n−1x, f n+1x), d(f n−2x, f n+1x) : 1 ≤ j ≤ n+ 1}.
From this inequity and (2.6.2), we have
d(f nx, f n+1x) ≤ λ3co{0, d(x, f jx), d(f nx, f n+1x), d(f n−1x, f n+1x), d(f n−2x, f n+1x), d(f n−3x, f n+1x) : 1 ≤ j ≤ n+ 1}.
Continuing these proceedings, we have
d(f nx, f n+1x) ≤ λico{0, d(x, f jx), d(f n−mx, f n+1x) : 1 ≤ j ≤ n+ 1, 0 ≤ m ≤ i}. (2.7)
From (2.7), (2.6.n− i) and (2.5), we obtain
d(f i+1x, f n+1x) ≤ λi+1co{0, d(x, f jx), d(f n−mx, f n+1x) : 1 ≤ j ≤ n+ 1, 0 ≤ m ≤ i}.
Hence (2.5) is proved.
The inequality (2.5) gives that
d(fx, f n+1x) ≤ λco{0, d(x, fx), . . . , d(x, f n+1x), d(f nx, f n+1x)} (2.8.1)
d(f 2x, f n+1x) ≤ λ2co{0, d(x, fx), . . . , d(x, f n+1x), d(f n−1x, f n+1x), d(f nx, f n+1x)} (2.8.2)
· · ·
d(f n−1x, f n+1x) ≤ λn−1co{0, d(x, fx), . . . , d(x, f n+1x), d(f 2x, f n+1x), . . . , d(f nx, f n+1x)} (2.8.n− 1)
d(f nx, f n+1x) ≤ λnco{0, d(x, fx), . . . , d(x, f n+1x), d(fx, f n+1x), . . . , d(f nx, f n+1x)}. (2.8.n)
From (2.8.1) and (2.8.n)
d(f nx, f n+1x) ≤ λnco{0, d(x, fx), . . . , d(x, f n+1x), d(f 2x, f n+1x), . . . , d(f nx, f n+1x)}.
From this inequality and (2.8.2)
d(f nx, f n+1x) ≤ λnco{0, d(x, fx), . . . , d(x, f n+1x), d(f 3x, f n+1x), . . . , d(f nx, f n+1x)}.
Continuing these proceedings, we have
d(f nx, f n+1x) ≤ λnco{0, d(x, fx), . . . , d(x, f n+1x), d(f nx, f n+1x)}.
Hence
d(f nx, f n+1x) ≤ λnco{0, d(x, fx), . . . , d(x, f n+1x)}. (2.9)
From (2.9) and (2.8.1)
d(fx, f n+1x) ≤ λco{0, d(x, fx), . . . , d(x, f n+1x)}.
From this inequality and (2.8.2)
d(f 2x, f n+1x) ≤ λ2co{0, d(x, fx), . . . , d(x, f n+1x), d(f n−1x, f n+1x)}.
Continuing these proceedings, we have
d(f n−1x, f n+1x) ≤ λn−1co{0, d(x, fx), . . . , d(x, f n+1x), d(f 2x, f n+1x), . . . , d(f n−1x, f n+1x)}.
From these inequalities, we get
d(f ix, f n+1x) ≤ λico{0, d(x, fx), . . . , d(x, f n+1x)}.
So for n+ 1 and 1 ≤ i < n+ 1 (2.3) holds. The proof of the lemma is complete. 
Lemma 7. Let f is a generalized quasi-contractive mapping with contractive constant λ ∈ [0, 1) in a cone metric space (X, d)
with normal cone P and normal constant K . For x ∈ X set
η(x, n) = max{‖d(x, fx)‖, . . . , ‖d(x, f nx)‖}.
Let n0 ∈ N be such that Kλn0 < 1. Then for all 0 ≤ i < n
‖d(f ix, f nx)‖ ≤ Kλiη(x, n). (2.10)
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And for all n
η(x, n) ≤ max

‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖, K
1− λn0K ‖d(x, f
n0x)‖

. (2.11)
Proof. For 0 ≤ i < n, by Lemma 6
d(f ix, f nx) ≤ λico{0, d(x, fx), . . . , d(x, f nx)}.
Hence there are a1, . . . , an ≥ 0,∑nj=1 aj ≤ 1, such that
d(f ix, f nx) ≤ λi
n−
j=1
ajd(x, f jx).
By the normality of P
‖d(f ix, f nx)‖ ≤ Kλi
n−
j=1
aj‖d(x, f jx)‖
≤ Kλi max{‖d(x, fx)‖, . . . , ‖d(x, f nx)‖} = Kλiη(x, n).
For n0 ≤ i ≤ n
d(x, f ix) ≤ d(x, f n0x)+ d(f n0x, f ix)
≤ d(x, f n0x)+ λn0co{0, d(x, fx), . . . , d(x, f ix)}.
Hence there are b1, . . . , bi ≥ 0,∑ij=1 bj ≤ 1, such that
d(x, f ix) ≤ d(x, f n0x)+ λn0
i−
j=1
bjd(x, f jx).
By the normality of P
‖d(x, f ix)‖ ≤ K‖d(x, f n0x)‖ + Kλn0
i−
j=1
bj‖d(x, f jx)‖
≤ K‖d(x, f n0x)‖ + Kλn0η(x, n).
If η(x, n) = ‖d(x, f jx)‖ for some 1 ≤ j < n0, then
η(x, n) ≤ max{‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖}.
If η(x, n) = ‖d(x, f jx)‖ for some n0 ≤ j ≤ n, then
η(x, n) = ‖d(x, f jx)‖ ≤ K‖d(x, f n0x)‖ + Kλn0η(x, n),
this gives that
η(x, n) ≤ K
1− Kλn0 ‖d(x, f
n0x)‖.
Therefore for all n
η(x, n) ≤ max

‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖, K
1− Kλn0 ‖d(x, f
n0x)‖

. 
Lemma 8. Let f is a generalized quasi-contractive mapping with contractive constant λ ∈ [0, 1) in a cone metric space (X, d)
with normal cone P and normal constant K . For x ∈ X and n ∈ N, we have
δ(O(x, n)) ≤ K max

‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖, K
1− Kλn0 ‖d(x, f
n0x)‖

(2.12)
and
δ(O(x,∞)) ≤ K max

‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖, K
1− Kλn0 ‖d(x, f
n0x)‖

(2.13)
where n0 ∈ N is such that Kλn0 < 1.
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Proof. From Lemma 7, for all 0 ≤ i < j
‖d(f ix, f jx)‖ ≤ Kλiη(x, j)
≤ Kλi max

‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖, K
1− Kλn0 ‖d(x, f
n0x)‖

.
So (2.12) and (2.13) hold. 
Proof of Theorem 3.
Proof. Given x ∈ X , and n0 ∈ N with Kλn0 < 1. Now we prove that {f nx} is a Cauchy sequence. Let
L = K max

‖d(x, fx)‖, . . . , ‖d(x, f n0−1x)‖, K
1− Kλn0 ‖d(x, f
n0x)‖

.
For any 0 < m < n, from (2.2)
d(f mx, f nx) ≤ λco{0, d(f m−1x, f n−1x), d(f m−1x, f mx), d(f n−1x, f nx), d(f m−1x, f nx), d(f mx, f n−1x)}.
Hence
d(f mx, f nx) ≤ λco{0, d(f ix, f jx), : m− 1 ≤ i < j ≤ n}. (2.14)
From (2.14)
d(f nx, f n+1x) ≤ λco{0, d(f ix, f jx), : n− 1 ≤ i < j ≤ n+ 1}.
Using Lemma 5 repeatedly
d(f nx, f n+1x) ≤ λ2co{0, d(f ix, f jx), : n− 2 ≤ i < j ≤ n+ 1}.
· · ·
d(f nx, f n+1x) ≤ λnco{0, d(f ix, f jx), : 0 ≤ i < j ≤ n+ 1}.
This gives that
‖d(f nx, f n+1x)‖ ≤ Kλnδ(O(x, n+ 1)) ≤ LKλn.
For 0 < m < n
d(f mx, f nx) ≤ d(f mx, f m+1x)+ · · · d(f n−1x, f m+1x),
hence
‖d(f mx, f nx)‖ ≤ K(‖d(f mx, f m+1x)‖ + · · · ‖d(f n−1x, f m+1x)‖)
≤ LK 2(λm + · · · + λn−1) ≤ 1
1− λ LK
2λm → 0(m, n →∞).
So {f nx} is a Cauchy sequence. Since X is complete, there is x∗ ∈ X such that f nx → x∗(n →∞).
Now we prove that x∗ is fixed point of f . For any n from (2.2)
d(f nx, fx∗) ≤ λco{0, d(f n−1x, x∗), d(f n−1x, f nx), d(x∗, fx∗), d(f n−1x, fx∗), d(f nx, x∗)}.
There are real sequences {an}, {bn}, {cn}, {dn}, {en}, an, bn, cn, dn, en ≥ 0, an + bn + cn + dn + en ≤ 1 such that
d(f nx, fx∗) ≤ λ(and(f n−1x, x∗)+ bnd(f n−1x, f nx)+ cnd(x∗, fx∗)+ dnd(f n−1x, fx∗)+ end(f nx, x∗)).
There are subsequences {anm}, {bnm}, {cnm}, {dnm}, {enm} such that
anm → a, bnm → b, cnm → c, dnm → d, enm → e, (m →∞)
where a, b, c, d, e ≥ 0 and a+ b+ c + d+ e ≤ 1. Letm →∞ in the following inequality
d(f nmx, fx∗) ≤ λ(anmd(f nm−1x, x∗)+ bnmd(f nm−1x, f nmx)
+ cnmd(x∗, fx∗)+ dnmd(f nm−1x, fx∗)+ enmd(f nmx, x∗)).
We get
d(x∗, fx∗) ≤ λ(c + d)d(x∗, fx∗).
Since λ(c + d) < 1, d(x∗, fx∗) = 0. Therefore fx∗ = x∗ and x∗ is a fixed point of f .
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Finally we prove that the fixed point of f is unique. Suppose that y∗ is also a fixed point of f . Then
d(x∗, y∗) = d(fx∗, fy∗)
≤ λco{0, d(x∗, y∗), d(x∗, fx∗), d(y∗, fy∗), d(x∗, fy∗), d(fx∗, y∗)}.
Hence d(x∗, y∗) ≤ λd(x∗, y∗). We get x∗ = y∗, thus the fixed point of f is unique. 
Remark 1. Theorem 3 unifies and extends the main theorems in [1,4,5].
The following example satisfies the conditions of Theorem 3, but does not satisfy the conditions of Theorem 2.
Example 1. Let X = {1, 2, 3} and P = {(x, y) : x, y ≥ 0} ⊂ R2. Define d : X × X → R2 as follows:
d(1, 1) = d(2, 2) = d(3, 3) = (0, 0)
d(1, 2) = d(2, 1) = (5, 2)
d(1, 3) = d(3, 1) = (3, 3)
d(2, 3) = d(3, 2) = (2, 5)
then (X, d) become a complete cone metric space. Define the mappings f : X → X as follows:
f (1) = 1, f (2) = 3, f (3) = 1.
Then 1 is a unique fixed point of f .
d(f (1), f (2)) = d(1, 3) = (3, 3)
≤ 0.9 ∗ (0.5 ∗ (5, 2)+ 0.5 ∗ (2, 5)) = 0.9 ∗ (0.5 ∗ d(1, 2)+ 0.5 ∗ d(2, f (2)))
∈ 0.9 ∗ co{(0, 0), d(1, 2), d(1, f (1)), d(2, f (2)), d(1, f (2)), d(2, f (1))}
d(f (1), f (3)) = d(1, 1) = (0, 0)
≤ 0.9 ∗ co{(0, 0), d(1, 3), d(1, f (1)), d(3, f (3)), d(1, f (3)), d(3, f (1))}
d(f (2), f (3)) = d(3, 1) = (3, 3)
≤ 0.9 ∗ (0.5 ∗ (2, 5)+ 0.5 ∗ (5, 2)) = 0.9 ∗ (0.5 ∗ d(2, 3)+ 0.5 ∗ d(2, f (3)))
∈ 0.9 ∗ co{(0, 0), d(2, 3), d(2, f (2)), d(3, f (3)), d(2, f (3)), d(3, f (2))}
so f satisfies the conditions of Theorem 3. But the following inequalities do not hold for any λ ∈ [0, 1).
d(f (1), f (2)) ≤ λd(1, 2),
d(f (1), f (2)) ≤ λd(1, f (1)),
d(f (1), f (2)) ≤ λd(2, f (2)),
d(f (1), f (2)) ≤ λd(1, f (2)), d(f (1), f (2)) ≤ λd(2, f (1)).
Hence f does not satisfy the conditions of Theorem 2.
This example shows that our result is a genuine generalization of the main theorem in [5].
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